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ABSTRACT: At high temperatures, in anionic polymerization, depolymerization and au-
tocyclization reactions cannot be ignored and the molecular weight distribution (MWD)
results based on irreversible polymerization give erroneous results. In this article, we
have developed a semianalytical solution for the MWD of the polymer for a general
complex mechanism. We then show that the various rate constants can be directly
determined from the experimental data on MWD. After evaluating these, it is possible
to model the anionic polymerization more rationally, as we have demonstrated using
the experimental data from the literature. © 1997 John Wiley & Sons, Inc. J Appl Polym

Sci 65: 845-859, 1997
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INTRODUCTION

Anionic polymerization is an important class of
polymerization in which polymers having narrow
molecular-weight distribution (MWD) and well-
defined molecular structure (star, branched, block
copolymers, etc.) can be found. Normally, the initi-
ation step is extremely fast and chain growth oc-
curs by the sequential addition of monomer to the
growing centers. The propagation step of polymer-
ization is affected by the gegen ion and the me-
dium of the reaction mass. The experimental in-
vestigations'~'° of “living polymerizing systems”
have shown that different oligomers react with
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different rate constants. For extremely low tem-
peratures (~ —46°C), anionic polymerization has
been modeled as irreversible’ and is represented
by

k

P,+M——P,y; n=12--- (1)

It is common to assume that all rate constants
are equal in value, and all results on the MWD
derived in the literature assume this equal reac-
tivity hypothesis. However, if polymerization oc-
curs at higher temperatures (say at about 25°C),
then depolymerization and autocyclization reac-
tions cannot be ignored and the kinetic model can
be represented by
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Muller et al. have determined the MWD versus
time of the poly(methyl methacrylate) formed by
anionic polymerization and confirmed that %, ks,
and k3 are substantially different. Through re-
peated numerical solution of the first three oligo-
mers (P;, Py, and Ps;) using a simplex method,
they proposed the following model:

ki # ko + ks
ks =ky= -+ = ky(say) (3)

With this kinetic model, we numerically solved
the concentrations of higher oligomers, and on
comparison with the reported experimental data
on MWD versus time, we found a large deviation
of as much as 1,000%. In view of the fact that the
above rate constants yield only partial MWD, we
wanted to reexamine this problem and in the fol-
lowing evolved a more systematic technique of de-
termining rate constants for the experimental
MWD versus time for anionic polymerization.

In this article, we have determined a semiana-
lytical solution for the MWD of the polymer
formed in anionic polymerization having a com-
plex kinetic model in batch reactors in the mono-
mer conversion domain. This way, the task of the
numerical solution of ordinary differential equa-
tions (ODEs) (which could at times be unstable)
is reduced to a sequential evaluation of algebraic
functions which is shown to be inherently stable.
We have applied these results to a set of experi-
mental MWD and conversion data of polymeriza-
tion from the literature to determine rate con-
stants directly. After determining these, we have
proposed a simplified kinetic model which gives
an extremely good representation of anionic poly-
merization at higher temperatures.

MATHEMATICAL DEVELOPMENT

Solution of Anionic Polymerization
in Conversion Domain

The equations governing the MWD of anionic po-
lymerization represented by eq. (2) are sets of
ODEs, summarized in Table I, which are nonlin-
ear in nature. A study of these equations reveals
that the MWD can be obtained only when [M]
and [P;] to [P;o] are known beforehand. In order
to determine a semianalytical solution of the
MWD of Table I, we divide the conversion domain
into smaller steps, as shown in Figure 1, and de-
fine u in the jth step such that

U=x—%_1 (4)

We write the MWD of the polymer and the time
of polymerization as an infinite series in u as fol-
lows:

tj = tj*l + Z hiui (5&)

[P,]=1[P,i-1 +[M]—; ) Yuit' (n=1) (5b)

i=1

To determine &; and v,;, we substitute these in
the set of ODEs and evaluate them through sim-
ple algebraic relations, as developed in Appendix
I. This way, the solution of ODEs is reduced to
determining the algebraic functions of eq. (5) se-
quentially. We have found that the semianalytical
solution, eq. (5), is at least 20 times faster than
Gear’s algorithm. This is considerably easier to
implement on any personal computer; it removes
the stiffness of the ODEs governing the MWD and
is extremely well suited to determine the rate con-
stants, as we show below.

Evaluation of Rate Constants

The rate constants in the complex mechanism of
anionic polymerization given in Table I are com-
puted by use of the Box Complex search tech-
nique. Experimental data for eight different times
have been reported, and we define the objective
function as the cumulative error between the sim-
ulated and the experimental values of the various
oligomer concentrations as

10 8
F = [z S al(Ps; — Pfﬁ] (6)

i=1j=1

Above, P;; represents the experimental value of
species P; at times j. Muller et al.’ reported ex-
perimental data for 10 species (i.e., iy = 10) for
eight discrete times (i.e., jm.x = 8). The super-
script e refers to the experimental data, while ¢
denotes the computed concentration of the species
P; at the jth time. Various rate constants are var-
ied using the algorithm of the Box Complex search
and are summarized in the form of a flow chart
(Fig. 2). The list of the weightage factors used for
obtaining the values of the rate constants is given
in Table II. The weightage factors are especially
high for higher oligomers to compensate for their
very low concentrations and hence improve the
sensitivity of the objective function, F'. The final
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Table I ODEs Governing the MWD for Kinetic Model of Eq. (2)
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MWD equations

dEiPtl] = —k:[M1[P,] — ki[Ps] — 2k [P, T

dfff] = ki[M1[P;] + k5[Ps] — ko[M1[P;] — k}[Ps]

% = ki a[MIIP;_1] + k![Pi1] — kIMIP;] — k{_1[P;] — kalP:].
dEZ"] = ky[MY(P,-1] = [P,]) + kj([Ppia] = [P,]) = ke[P,]n > 9

Monomer consumption

dm] 2
dt

i=1
where,

M= 3 [P]
n=1

Cyclization products

d[P5]
= k[P ]?
ar 1[P1]
d[:;"] = ke[P,] forn =3

The initial conditions given by
att = 0, [P;] = [Py]
[Pi] = [P
Generating function
We define a generating function, G, as follows
G = g s"[P,]
n-1

where, s is a dummy variable less than unit.

dG

9 10 9
=3 kilPia] = Y KIMIP] + k,3<?\o -2 [Pn]> - kp[M](Ko -2 [Pn])
i=1 n=1 n=1

== = s(ki[Py] — k1 [MI[P,] — 2k [P11?) + s2(ky[M1[P,] + k5[P3] — ko[M1[P5] — k1[P;])

dt
9
+ Y (SR 1[MIP; 1] + k![P; 1] — k:IMIP;] —
i=3
9
+ (B, [M1s? — k,[M1s — kcs)<G - > s"[Py]
n=1
Above
k10:k11: :kp

[ 1lPi] = ke[P;1} + s (ko[M1[P,])

10

G-5Y s"[Pg])(k;, — k}s)

n=1
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(T1.4)
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(T1.6)

(T1.7)

(T1.8)

(T1.9)

(T1.10)

(T1.11)

values of rate constants give F of the order of 10 ~%°
and are found to be independent of the arbitrary
parameter «;, which indicates that for these val-
ues of rate constants, the simulated results pass

through all experimental points.

We have used 10 species (i.e., up to Py,) for our
computation. We have chosen a total of 26 rate
constants (equal to the number of experimental
datum points) considering propagation, depropa-
gation, and cyclization rate constants. The list of
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a) Division Of Conversion Domain into Smaller Steps:

1 2 3 3+1
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o 1 2 j-1 3j j+1
monomer  [M] 4 M, [M]]_l [M]j [M]j+l

conc.

b) Variables in the jth step

t]‘l = tj
t |
u=0 u u = X, - X
max J j-1
[Pi]j—l = [Pi]o [P.i] [Pi]j
for i=1 to « for i=1 to = for i=1 to =
[M]j~l [M] [M}j+l
c c c
Py 1y (pyl (Pily

Figure 1 Division of step size for the semianalytical solution technique. conc., concen-

tration.

upper (G/) and lower (H; ) bounds of the different ture for three different monomer concentrations,
rate constants is given in Table III. Table IV gives as given in Table IV. They have determined the
different monomer concentrations for which stud- rate constants using the simplex method to curve
ies have been made, and Table V gives a list of fit their experimental data. Their analysis showed
propagation, depropagation, and cyclization rate that the rate constants were dependent on the
constants which describe the experimental data chain length of the oligomers, and they assumed
exactly. We observe a marked difference between that for chain length, n (=3), the rate constants
k1, ks and k.3, and k.5 is quite high as compared were independent of n. However, while carrying
with the other cyclization rate constants. This is out numerical simulation using their rate con-
because [ P5] is the predominant cyclization prod- stants, we found that the concentration of species
uct obtained with the progress of the reaction. [P.], [Ps], etc., versus time was poorly repre-
sented and results often deviated by at least

1,000% from the experimental data. We proposed

RESULTS AND DISCUSSION a more comprehensive model having unequal re-
activity up to Ps involving 26 rate constants (for

Anionic polymerization of methyl methacrylate 26 experimental points). We have already pointed
(MMA) at higher temperatures (say at 25°C) has out that our solution is semianalytical (in the
been shown to consist of depolymerization and au- sense that they are infinite series) in nature; as
tocyclization steps, and the assumption of equal a result, rate constants reported by us are free of
reactivity hypothesis breaks down, as shown in any possible numerical instability. Because there
eq. (2). In this article, we have undertaken to is no explicit relation between [P,] versus time
analyze this problem in the conversion domain, and rate constants, the latter values are deter-
and using the semianalytical solution given in Ap- mined through repeated simulation. The varia-
pendix I, we have determined the rate constants tion of the set of rate constants between any two
of the kinetic model directly from the batch exper- simulations was achieved by use of the Box Com-
imental data. plex search technique. The total number of itera-
Muller et al.'! have carried out studies on the tions to reach F having a value of 10 2° was about

anionic polymerization of MMA at high tempera- 33, and this F value was found to be independent
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EVALUATION OF RATE CONSTANTS
USING BOX COMPLEX TECHNIQUE
The lcwer (Gk) and upper (Hk)

bounds for the rate constants
are given in Table A3B.2

« =1.3, B = 1x107 3,

s = 1x10°%, 7 =5, N = 26

The initial complex is generated as

.= Gyt Ty (H;=G,)

The point ismoved
a distance Swithin
the existinglimit
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as xij(new) =
a(xic-xij(old)) X4
i=1,2,...,N

q

1]
i=1,2,...,N
j=1,2,...,k"1
Does
xij satisfy No
The point is the explicit
moved one half constraints
the distance to
the centroid of
the remaining Yes
points
Agf Yes
Compute the
Does the least No cbjective function
point repeat -— from eqn (3B.1)
itself using table A3B.1
The point having
the least function
value is replaced No

Yes

STOP

Figure 2 Flowchart for the Box Complex technique.

’

of choice of a] in eq. (6). This suggests that the
experimental values lie on the simulation of [P, ]
versus ¢ for any n, which we confirmed through
simulation for these rate constants (given in Ta-
ble V).

Figure 3 gives a plot of log(K; ) and log(k; ) ver-
sus chain length, i. In this figure, we observe a
considerable difference between k; and k5. Muller
et al." assumed k3 = k4 = - - - k,, but if we com-

Table II List of Weightage Factors for the
Rate Constants

8

10
10
4 100

V oo R

pare our results of Table V, we find a substantial
difference. The association constants can be eval-
uated by use of the following expression:

ki = %kiass + (kit - %kiass) X [1/(21{1'&93/)\0)1/2] (7)

Above, ki, kiv, Kiuss, and N\ are, respectively, the
rate constant for association for the ith oligomer,
the rate constant for polymerization via ion pairs,
the equilibrium constant for association, and the
total concentration of the living oligomers. In our
computations, we have assumed that the equilib-
rium constant for association is independent of
chain length and is equal to 1,000 L mol *s™.
Figure 4 shows a plot of (1/\¢)'"? versus k;. The
list of association constants and the rate constants,
k., are given in Table VI. It is seen that the associ-
ation constants keep increasing beyond the fifth
oligomer and level off at 301.20 L mol ' s™! after
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Table III Upper and Lower Constraints for the
Rate Constants in the Scheme Given in Eq. (5)

Table V Rate Constants Obtained from the Box
Complex Technique for Reversible Anionic
Polymerization of MMA

N Xi G[ Hi
[Pi], =5 %1072 [M], = 10 x 1072
1 ky 4,000 5,000 mol/L mol/L
2 ko 50 220
3 ks 150 200 ki = 4,796.39
4 ky 120 215 ks = 180.00
5 ks 120 230 k3 = 170.00
6 kg 120 220 kqy = 60.00
7 ky 120 220 ks = 176.90
8 kg 120 220 ke = 181.78
9 k} 1% 10 5x 10 &= 19080
10 k4 0.1 0.3 s 195.64 D
11 kS 0.1 0.3 :} - (2)'2222 10
12 k4 0.1 0.3 k? i} 098
13 k4 0.1 0.3 kf’ i} 0.93
14 kg 0.1 0.3 k‘,‘ - 0.95
15 k4 0.1 0.3 kf’ -
16 k4 0.1 0.3 o 029
17 ke 1x 107 5x 10t  k1=016
18 ke 20.0 30.0 kg =0.17
19 kes 0.1 0.3 ka=112x 107"
20 kes 0.1 0.3 kes = 22.19
21 ks 0.1 0.4 kes = 0.26
22 kc7 01 03 kc5 = 028
23 kes 0.1 0.3 ke = 0.30
24 k, 120 220 ke =0.29
25 k, 0.1 0.4 k, = 215.44
26 k. 0.1 0.4 k, = 0.25 k. =0.29
Pg. [P;] has the largest rate constant for polymer-
ization via ion pairs, followed by [ P5]. In all of the
above computations, we have assumed k;,,\o > 1. 8 25
The overall result given above suggests a trend A Reported Values
in the rate constants, and we propose the follow-
ing simplified model: ﬁ COJ'lIOQ :i 20
6 - log K;
ko % ko % kg * ke ol B l0g Kei
ks = k 2 o
5 6 . 5 4 -
ki=Fk, i=T7 < __——[—‘— 10 x
ke = 0.0 3
2,
)
Table IV List of Different Monomer
Concentrations Studied Experimentally"’ 0 0
I 1 | 1
[Pi], Monomer Concentration 0 2 l‘ 6 . 8 10
Case No. (mol/L) (mol/L) Chain length, i
Figure3 Chainlength dependence of the rate equilib-
1 0.05 0.10 rium propagation and cyclization rate constants in the
§ 8;8 gig propagation of the reversible anionic polymerization of

MMA.
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Figure 4 Plot of 1,/A, versus k; for the determination
of association constants.

kcizkc 1= 2
1=0.0
Rl=h), i=2

The values of these rate constants are given in
Table VII. We have simulated the MWD using the
differential equation of Table I and then compared
this simulated result with the experimental data.

Figures 5 and 6 show the comparison of the
experimental results of Muller et al.'' and those
obtained by the semianalytical solution technique
for the first six oligomers for case 1 (Table IV).
Figure 6 also shows a plot of monomer conversion
versus time for case 1. Similar computations were
carried out for cases 2 and 3. Figures 7 and 8 show
the plots for the first three oligomers in cases 2
and 3, respectively. The results of our technique
have been found to match very well with the ex-
perimental results in the entire domain. It can be

Table VI List of Association Constants for the
Reversible Anionic Polymerization of MMA

Rinss (L mol™ts71) ki (Lmol ts™

~.

2 92.72 1,371.57
3 81.85 1,037.67
4 103.43 501.17
5 95.32 1,125.66
6 177.77 991.33
@ =6) 301.20 557.89

EVALUATION OF RATE CONSTANTS 851

Table VII List of the Rate Constants
for the Proposed Model

ki = 4,796.38

ky = 150.00

ks = 170.00

k4, = 60.00

ks = 179.30

ke = 179.30

ki =k, = 21544 (i > 6)

ki =0.00

ki =k, =0257G > 2); k; = 0.00; k,; = k. = 0.27
i=2

seen that initiator («-lithioisobutyrate), repre-
sented as [P;], completely disappears in 0.02 sec.
[P;] and [ Ps] increase very quickly, reach a maxi-
mum, and decrease before leveling off at higher
conversions. The concentrations of higher oligo-
mers keep increasing and level off at slightly
lower values. The concentrations of the cyclization
products [P5] and [P4] are also plotted for each
case. It can be seen that [P3] is the only major
cyclization product. This increases with conver-
sion before attaining a steady value at higher con-
versions. We have proceeded similarly for cases 2
and 3 (Table IV). It can be seen that higher initial
monomer concentrations lead to fast and high con-
versions. Further, in cases 2 and 3, P; is com-
pletely consumed, while this is not so in case 1.
The concentrations of [P,], [Ps], and [Ps] also

i Case 1
0.0% \ —1.0
T AP %
) Semij analy tical solution r
resutts
0.04+ Experimental results 0.8
t
: (=
-~ (=]
] <
° 0.03H o 0.6 ¢
E ®- [P 3
5 o~ 3
g o - [Py s
S 0.02+ : 0.4 ©
s - Ff]
°- k9
X - Conversion
0.01+ —0.2
[ L
o Bl
= A 0.0
0.00-¢ 7 T i - .
Q.0 0.2 0.4 0.6 0.8 1.0

Time (seconds)

Figure 5 Comparison of simulated results with the
experimental data of Muller et al.™ for the first three
oligomers for a monomer concentration (Concn.) of 0.1
mol/L (case 1).
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Case 1 a {P,‘]
o [Pﬂ Experimental data
o P
0-004— P4 Semi analytical soln. results
o
) a
[
: 0-003—‘ e
s a
© ] a
13
c
§ 0.002
© Pq o
o
0.001 ) P o
o
{]e
a
o
0.000 T T T T T T T
0.0 0.2 0.4 0.8 0.8

Time (seconds)

Figure 6 Comparison of simulated results with the
experimental data of Muller et al.'! for [P,], [P5], and
[Ps] for a monomer concentration (Concn) of 0.1 mol/
L (case 1). soln., solution.

level off at higher values with increasing initial
concentrations of the monomer.

CONCLUSIONS

In this article, we have developed a semianalyti-
cal solution of anionic polymerization with depoly-

0.1 X —% 110
x o- [I:Pﬂ
- I,
x o=t i Experimental
0.08 ‘ - [F'g] data 0.5
- o 3] *
= X - : =
: onversion 9
3 0.08] °‘-o 8¢
E 2
= 2
§ e o Case 2 i
=3
o 0.04 0.4 8
a
1, F
0.02 to.z
° |
0.0 ———  s00
0.0 0.4 0.8 1.2 1.4

Time ( seconds)

Figure 7 Comparison of simulated results with the
experimental data of Muller et al. for the first three
oligomers for a monomer concentration (Concn.) of 0.2
mol/L (case 2).

0.20 % x — 1.0
. -
x a- P
Exparimcntul|
o - [P:’] data —0.8
— C:
- 0.1% o - [pﬂ
s 8- [pkc] ° i ;
o (=
£ ] 0.8 2
e s
E 0.10 — x = Experimental conversion i E
o -
© s o Case 3 »—0,4 g
| <
0.05 4 °
4-0.2
0.00 - ; T 8 : T 0.0
0.0 0.4 0.8 1.2

Time (seconds)

Figure 8 Comparison of simulated results with the
experimental data of Muller et al. for the first three
oligomer for a monomer concentration (Concn.) of 0.4
mol/L (case 3).

merization and cyclization steps. Using the re-
ported experimental data in the literature on the
MWD of the polymer formed in the batch reactors,
we have evaluated the rate constants. We have
varied the rate constants between iterations using
the Box Complex technique and minimized the
mean square error between experimental and
simulated MWD data to determine the chain
length—dependent rate constants. At the optimal
level, the total error F' was reduced to a value of
10 2°, which was formed to be independent of the
choice of weighting factors «;. This result suggests
that the simulated MWD passes through all of the
experimental datum points. On the basis of the
rate constants so determined, we have proposed
a simplified kinetic model which describes the ex-
perimental observation very well.

APPENDIX 1. DERIVATION

OF COEFFICIENTS FOR ANIONIC
POLYMERIZATION OF MMA
WITH AUTOCYCLIZATION

AND DEPOLYMERIZATION

The equations governing the MWD of anionic po-
lymerization are summarized in Table I. A study
of equations in this table reveals that the MWD
of the polymer formed can be obtained only when
[M]and[P;]to[P;10] are known. In order to deter-
mine the A; and v,; of eq. (4), we substitute these



equations into the differential equation for the
moment generating function G as

sdG

T s’ [k1[Ps] — ka[M1[P1] — 2k.1[P1]?]
+ 8°[kl[M1[Py] + k5[ P3 — ko[ M1[Ps]

9
— ki[P11 + Y s (ki A [MI[P; 4]

i=3
+ RilPi] — kiIMIP; ] — ki[P;]
— kel P;1) + 8" (RoLM1[Py] — k§[P1o])
+ (k,[M1s* — k,[M]s — ks) (L1)

We now assume a series for G as follows,

G = GJ',]_ + [M]J',]_ Z giui (IZa)
1

where

Gj,1 = Z Sn[PnJ',l]. (I2b)
1

Substituting eq. (1.2) into eq. (1.1), we get

sdG §?

9
—_— ut+ Yy 8",
dt IB n§3 ’

|
™M
R
:vu
J’_
V]
wW
IM

i=0 i

+ sy Sut + (k[M1s® — k[M]s — k.s)
0
9
X (G -y s"[P,J) + (k, — k}s)
n=1
10
X (G - > s”[P,J) (1.3)
n=1
where the coefficients «;, 8;, 6,,, 6; are given in

Table VIII. Eq. (1.3) can be written as

sdG 2 -
227 S Byl
dt 2 B

0

(I.4c)

The coefficients B; are given in Table IX. Now,
each of the B/ values can be written as series of
s, and these are written as

Bi = z Bijsj (1.5)
j=1

At any time ¢, the amount of monomer is re-
lated to the conversion, by the following relation:

Table VIII List of Coefficients for Eq. (1.3)
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Bi

«;

(ko[Mo[Pylo — k[P10lo)

[Pri1lo = E[Mo[P, o

’
n

kn—l[M]O[Pn—l ]Ok

R1i[M1o[P1]o + k3[Pslo — koM 14[P21o

(R1[P2lo — Ra[M16[P1 1o — 2kei[P1 13

0

= kpalPrlo = kenlPrlo)

{(Bnoa M 1o(IM Jo¥n-1,1 — [Pr-1l0)

(kQ[M]g'Vf),l - kg[Mo[Ps]o

(k1[M]%711 — k[M1o[P1]o

1

(RiIMoys1 — BilM15y11 + RAIM16[P1]0

[M]o(’}’n+1,1) - kn[M]o([M]o'Yn,l

’
n

+k

+ E5M1oys: — koM 15yan

+ koM 1o[Ps]o

— 4k[P11o[M oy

- ké[M]o’)’1o,1

417n,1[M]0

’
n

- kcnynl[M]Ol}
{(kn—l[M]g()’n—z,i - 7n—1,i—1)

kQ[M]%(YQ,i - 79,1'41)

(R1[M 1oys; + kl[M]?)(')’l,iA - Y1)

i(G=2)

(k1[M](2)(71,i — v1i-1) + kiMloys;

-k é[M]o')’lo,i

[M]O’)/nle,i - kn[M]%(’)/n,i
- ’)’n,i41) - kr'141[M]0’)’n,i

+ k)
- kcn[M]O’)/n,i

- kz[M]g('}’z,i - '}/2,i41)

— 2k1(2[P11[M loy1,

i—1

+ [M13 z V1Y 1i-j)

Jj=1

Note: subscript 0 represents concentrations of the species at the (j — 1)th step.
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Table IX List of Coefficients for Eq. (1.4)

i

B;

9 © o
0 s%ao + %60 + Y 0,0 + 5160 + k)IM 1, Y s"P o — (ByIM o + k) Y s [Pa]o

9 n=3

1

110
— BIM1y S "IP L + koMo + k) Y 8P,y + (k) — kjs) <Go -3 s"[Pn]o>
% S n=1

1 .
1 82a1 + 83,31 + z Sn+19n’1 + 81161 - kp[M]() z Sn+1[Pn]0 + kp[M]() z SnJrl[Pn]o + kp[M]%Sgl(S - 1)
n3 1 1

9 9 9
— kMligis — kIMB'S s" 2y, + BplMlo 3 8" 2P, lo + ky[M B + kIM1p) 3 8" 1y, 4

1

1 1

9 10
— (ky[M 1o Y " Py 1o + [M1o(k), — k}s) (gl -2 S"Vn,1>
2

1g
1 =2)

n=3

9
Szai + S3ﬂi + z Sn+10n’i + Slléi + (gi — gi,l)(kp[M](Z)s2 — kp[M](z)S) — kc[M]()Sgi — kp[M](% z Sn:2

9 9 101
X (Vg = Vi) + By MBS s" Myni — vic1) + RIM1o) Y "y, + (RHIM ], (gi -5 sn7n,i>
1

n=1

10
- k;[M]()(gis - 2 Sn“”}%,iq)
1

n=1

Note: subscript 0 stands for concentrations of species at the (j — 1)th step.

[M]=[M;,1(1 -u) (L6)

Substituting eq. (1.6) into eq. (T1.4) of Table I,
we obtain the rate of change in monomer conver-
sion as follows:

du ;
E = ZO Au (I.7)
where
pypup— [z (R4[Pyor, 1]
0 []u-]',l] = n n+1,j—1
- kn[Mjl][Pn,jl])]
R [§ (kLIM,,]
1 [%_1] z nliWj_11Yn+1,1
- kn[%—l]([Mj—l]'}/n,l - [Pn,jl]:|
A =— 1 s (kn[M;_4] ;
i = [%_1] ngl n j—-11Yn+1,

- kn[%—l](’)’n,z’ - ')’n,il):l fori =2 (I1.8c)

tj uj
f dt = f ( 1 ) (1.9)
tji-1 uj-1 Aul

12

M

Now
1 o]
( > = yu' (1.10)
z Aiui i=0
i=0
where
1
Yo = A (I.11a)
YoA1
= —— I.11b
Y1 A, ( )
i—1
Yi = — Z yi—kAk fori = 2 (I.llc)
k=1
At =3 hu' (I.11d)
Above, =1
_Ji—1 .
h;=—— fori=1,2,3, - (I.12)

Above, we have assumed kg = k11 = -+ =&,
The lefthand side of eq. I.1 can be written as

sdG du . i< -
— — T l 4 Al ! I.].
Tu dt s % igiu % v (1.13a)

=s > D' (1.13b)
0
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where, =< -
! =~
of =g
Do = g4, (1.13¢) i Eé*?
Dy = 1A, + 28,4, (1.13d) L e TE
i+1 N = ?”: bi: = ~ s
| | & —
D, =5 jgiAi;, fori=2 (L13e) N e f 7 &
/= % Pl D Twe |
. H| ==2Ssg 3!l ! g
Hence, eqs. (1.5) and (I1.13) can be incorporated 14 :'fig 2 TO 11 ié,’
into eq. (I.2) to get =) %@,E S 59 TE
EO &D'Eo&"@@"g@ iy
> e , S +S+ 1 XS X+
sMyy Diu' =Y u' 5 Bys’ (I.14) < & <
0 i=0  j=2
In the above equation, we have not considered ‘5;5
B,;;. We have seen in Table X that B;; is essen- = E
tially equal to zero for all values of i. Hence, Qf . =
equating equal powers of u on both sides of eq. T é@ |
(I1.14), we get, fori = 0 = 5 =i
. I -
S[M]ODO = z BOJ'SJ (I.l5a) ,‘QE‘ L 5 L
Jj=2 + = Loz
< & 33
or < = S =
_ < <
” ; L+ + o+
glAO[M]O = Z BojSJ71 (Il5b) S S &
Jj=2
or gl < < < a
8
1 - ' A 3 2 g =
=——— Y Bys’/! (1.15c¢) - = 3
&= Lo, 2,5 2 ;
2 2 S i S
g q < Sy 5 vy
or 2‘ =
S I o - 3 J&;
© : 8] < < 5= a
g1 = ;21 gus’ (I.15d) = ol - . ) g
- gl R =« < < o
- o
where, 5 ol o . . £
w| Q| S I < T
: +~
g = _Bowr Jj=1,2,3,--- (I15e) .E g 5 3 §
Al M; 4] gl R = = ® 8
S 8
< o - . . -
In general, for any value of i we can write 2l Q] @ <« g 2
= 5]
o o
= . '5 Q ) ~ ~ o
g = z gijSJ (1.163) % A 3 3 3 §
j=1 g E
© K| © o o —§
where, e :
= 5
g 1 |:Bi1,j+1 iil kg A :| (1.16b) E ~ ?T 4
b= T | T = — g T . =) — o~
YA M1 E TR
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Table XI Coefficients for the Cyclization Products [Eq. (1.20)

SAILAJA AND KUMAR

SIMULATION FOR REVERSIBLE

ANIONIC POLYMERIZATION OF MMA
v

Obtain the rate constants
from the Box complex technique

c
kit k cir [Pilor [Pylgy
(M), at t=0 [M] = [M]
itn=0; j =20

o x

o

Obtain the coefficeints Bi

Ail 'In,i’

3r 93
from eqns. (3A.7),

(3A.9) (3.7a) and (3.5)

respectively

( Compute u from eqn (3.11) !

min

{ Conv = "(1-[M}y)/(M]5_, ]

is

y Yes
conv =z 80%

]
No

3

Compute
c
(Pply » [Pply and At from
egns. (3.5), (3A.13) and (3.7b)

'

| (3.7b)

Obtain [Pl]j

from eqgn (3.5)
[Pz]j from

eqn (3A.14)
[Pn]j' (n=2)
and At from
eqns (3.5) and

M, = 04
[pn]o = [Pn] -a—No
c _ c
(P01, = [Py
t = t+At
itn = itn + 1
j = j+1

conv = 95%

es

Figure 9 Flowchart for the determination of MWD for the reversible anionic polymer-
ization of MMA.

i al; cln; (n = 3)
1 kP11 /(IM 16A0) EonlPo1o/(Ao[M 10)
2 (MN2A))2[P; log11ker — al1Ay) (1/M2A))Nkeng1n — clniAy)
1 (@ =3) i-2 )

(1/GA)2IP loke18i-1,1 + [M1oker > 8i18i-j-11

Jj=1

i-1
- E:jalﬂahj)

J=1

i-1
(VAN ki1 — 3 JelnA,; )

Jj=1

Note: subscript 0 stands for concentration of species at (j — 1)th step.
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Table XII Effect of Number of Terms on Oligomer Concentration at 70% Conversion

857

No. of Terms [P1] [Ps] [Ps] [P4] [Ps] [(M] t(s)
1 0.0489 x 1077 0.0316 0.0086 0.0019 0.2196 x 10°® 0.0291 0.0537
2 0.2069 x 107° 0.0317 0.0084 0.0019 0.2515 x 107® 0.0291 0.0551
3 0.5059 x 107 0.0317 0.0083 0.0019 0.2544 x 1073 0.0291 0.0553
4 0.6404 x 107 0.0317 0.0083 0.0019 0.2546 x 1072 0.0291 0.0553
5 0.6252 x 107° 0.0317 0.0083 0.0019 0.2546 x 10°° 0.0291 0.0553
10 0.6252 x 107 0.0317 0.0083 0.0019 0.2546 x 107® 0.0291 0.0553
RK 0.6353 x 107 0.0314 0.0083 0.0019 0.2548 x 1072 0.0291 0.0553

Initial concentrations are [M], = 0.1; [P,], = 0.05. All concentrations are in moles per liter.

Hence, expanding eq. (1.3a), we get
z Sn[Pn] = z Sn[PrL,]'fl]

+IM; 1S u S gt (117)

Jj=1 k=1
Equating equal powers of s on both sides of eq.

(I.17), we get the concentration of any species n
as

[P,]=1[P,]j_1 +[M]_; ) ginu'  (1.18)

i=1

The list of coefficients for B;; is given in Table X.

-———— Gear soln results
Semi analytical soln. results
[P1]°=0.05 moles/L
0.004—
] i
~ 0.0034
P
° 4
E
§ 0.002-
s Pd
’ —
0.001 E’a]
0.000 . ‘ . , , l ,
0.0 0.2 0.4 0.6 0.8

Time (seconds)

Figure 10 Comparison of results from our computa-
tion with those by Gear’s technique for the first three
oligomers. Concn, concentration; Soln, solution.

Now, by analogy from eq. (I.1¢) and eq. (1.17), we
can write

8in = Yni (1.19)
If we assume a series solution for the products of
cyclization as

[P§]1=[pS,1]1+[M;11Y aliu’ (1.20a)

i=1

[P;]=[P5,; 1]+ [M;_1]1 Y clnu’

i=1

fori =3,4,5, --- (1.20b)
The algorithm for the coefficients of the series is
given in Figure 9. The coefficients for eq. (1.20)
are given in Table XI. After finding these coeffi-
cients, we test the convergence of these series us-
ing the Leibnitz convergence criterion. For the
nth oligomer, [P, ]

0.08 1.0

0.04 0.8
- Series soln. g
E 0.03 --—=-— Gear soln. results Lo.s 2
—g' : [ﬁ]°=0.05moles/l ?
~ 2
H L
2 8
§ 0.024 0.4 2
< 3
* ]

0.01- Fq 0.2

0.0 (XN\ T————— 0.0

0.0 0.2 0.4 0.8 0.8 1o

Tima (saconds)

Figure 11 Comparison of results from our computa-
tion with those by Gear’s technique for the higher oligo-
mers. Concn, concentration; Soln., solution.
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Table XIII Variation in Step Size with Conversion

Conversion (%) u;, min Ui, min U, Min Uz, min Umin
52.8600 0.0573 0.1078 91.560 X 1072 0.1616 5.730 x 1072
61.3560 0.0753 0.0268 2.4060 x 1072 0.9312 2.680 x 1072
70.8020 0.1950 0.0617 9.5010 X 1072 0.0397 3.970 x 1072
80.0980 0.7698 0.0197 1.8570 x 1072 0.7015 1.850 x 1072
82.1810 0.7730 0.2525 4.7100 x 1073 0.7322 4.710 x 1073
83.0122 0.7772 0.1610 1.0490 x 107¢ 0.7416 1.049 x 1074
83.0320 0.7773 0.1577 7.0564 x 1077 0.7418 7.056 x 1077

Initial concentrations are [M], = 0.1 mol/L, [P;], = 0.05 mol/L.

Upmn = min || n =128, -+ (L21)
i=1,10 | Vn,i+1
Usmin = Min |— (1.22)
1=1,10 hi+1

Hence, the actual step size, u, for the jth step is
given by

Umin

= [min{ut,miny ul,miny u2,min7 u3,min o '] (123)
By using the above procedure, we reach 83.9%
monomer conversion in 28 iterations. After this
conversion, the choice of u,,;, is found to be mainly
determined by the higher oligomers and reduces
to values less than 10 .

At higher conversions (>80%), we have found
that the step size reduces to an order of 10 “°. This
arises because u;, is governed by [P,] series. To
increase the speed of computations, we have pro-
ceeded with the series solution technique and
evaluated [P;], [P;1,i = 3,4, ..., %, and At but

Table XIV Comparison of the Series Solution
Technique with the Numerical Methods

No. of Iterations Required

Conversion Series
(%) RK* Gear Solution
50 5,000 179 1
61 6,100 266 7
70 7,000 334 12
80 8,000 396 16
85 8,500 436 18
90 9,000 495 21
95 9,500 719 30

2 The step size, At = 107,

evaluated [ P;] assuming that [ M ] is constant dur-
ing the iteration. For reversible anionic polymer-
ization, the equations governing [P,], [Ps], ...,
[P,] are interconnected; they are solved together
in the time interval A¢, with results of the previ-
ous iterations as the initial guess. If [M] is as-
sumed to be constant in this interval, the gov-
erning ODEs become linear where an analytical
solution exists.'>'* We have taken this linear es-
timate for [P,] instead of the series solution for
[P;], while the concentrations of the other oligo-
mers are evaluated by the series solution, as done
earlier. The solution of this general mechanism of
anionic polymerization thus determined has been
found to be accurate and compares exceedingly
well with the results of Gear’s numerical tech-
nique.

This algorithm was implemented on a personal
computers, and in Table XII, we have varied the
number of terms in the series used to compute
the oligomer concentrations in eq. (I1.5). In this
table, we observe the effect of the increase in num-
ber of terms for the time series and also that of the
first five oligomer concentrations at a monomer
concentration of 0.0291 mol/L. We observe that
there is a considerable difference in results using
only one term from those obtained by using three
terms in the series. The effect of the number of
terms is more pronounced for the lower oligomers
than for the higher oligomers. This may be be-
cause the concentration of the higher oligomers is
quite small. The computations were carried out
up to 10 terms in the series. However, there is no
difference up to nine decimal places in the results
computed with 5 and 10 terms. At the end of the
Table XII, we have also shown the results ob-
tained wusing the fourth-order Runge-Kutta
method with a step size of 10 *. The results are
comparable (as seen in Figures 10 and 11) and
are within 1% error with all computations being
carried out in the double precision mode.



The step size was found by use of the Leibnitz
convergence criterion with eq. (1.23). Table XIII
shows the variation in step size at different mono-
mer conversions. The u, min and u, i, Were com-
puted with eqs. (I1.21) and (1.22), respectively. Ta-
ble XIV shows a comparison of the semianalytical
technique with the standard numerical tech-
niques. It is seen that even Gear’s technique re-
quired more than 20 times the above number of
iterations. Figures 10 and 11 show a comparison
of the concentrations of the first six species versus
time using Gear’s algorithm (DO2EBF of Nag
subroutine library) and semianalytical solution.
The change of time with conversion has also been
plotted in Figure 12. It can be seen that the curves
obtained by the two technique overlap each other.
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